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Abstract. We review the geometric formulation of the second Noether's the- 
orem in time-dependent mechanics. The commutation relations between the 
dynamics on the final constraint manifold and the infinitesimal generator of a 
symmetry are studied. We show an algorithm for determining a gauge symme- 
try which is closely related to the process of stabilization of constraints, both 
in Lagrangian and Hamiltonian formalisms. The connections between both 
formalisms are established by means of the time-evolution operator. 



1. Introduction and notation 

The aim of this paper is to review, from a geometric point of view, the second 
Noether's theorem in the framework of time-dependent mechanics as developed 
in in order to analyse the search for the generating functions of infinitesimal 
gatige symmetries, using the tools of modern differential geometry. This theorem 
was stated in the context of field theories j^, but we feel convenient to analyse 
first the results of the theorem in the simpler case of time-dependent mechanics, 
before proceeding to the more general case. The second Noether's theorem can be 
stated in the traditional formulation as follows: 

Theorem 1. // the action integral S ~ J L(t,q°',v°') dt is invariant under an 
infinitesimal transformation involving an arbitrary function and its derivatives up 
to order N , then there exists an identity relation between the Lagrangian equations 
SLa — and their derivatives. More precisely, if the action is invariant under the 
infinitesimal transformation 

Sq°' ^'^e'^''^X^{t,q°',v'^) , £{t) arbitrary function, ^^''^ = ^ (1) 

k=0 

then there is an identity, called Noether identity: 

,d^ 
dtk 



fc=0 

It is an easy exercise to prove the result of this theorem writing down the varia- 
tion of the action under such an infinitesimal variation, performing an appropriate 
integration by parts, and using that the function e is arbitrary. However, we want 
to understand it from a more intrinsic point of view. 

The geometric setting of the Lagrangian formalism for field theories uses the 
theory of jet bundles |^. One starts with a fibre bundle tt: E ^ ]& and for 
any pair of integer numbers k,l with k > I > defines the natural projections 
TTkj : J'^TT J'tt, where J^tt — E and denote tt^ : J^tt — » K the composition 
TTfe ~ Ti o TTfc.o- The coordinate in R will be denoted {t), and we will refer to it 
as the time, and in E by {t,q"). Similarly, coordinates in J'^tt will be denoted 
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(i) 9") ^"(fe)) ■ In the particular case of fc = 1, J^tt, usually called evolution 

space, its coordinates will be denoted in the more usual way (t,q°',v°') and for 
k = 2, J^TT, (i, g", ti", a"). When we choose a trivialization i? ~ M x Q then the 
jet bundles also trivialize J'^tt ~ R x T'^Q, but, in general, there is no preferred 
trivialization. 

The dynamics is defined as follows: Given a 7ri-semibasic 1-form L — L dt, we 
define the Poincare-Cartan forms, 8l ~ dL o S + Ldt £ /\^{J^tt), with S being 
the vertical endomorphism, and Hl = —dO^ G A i^'^'^) El- The dynamics is then 
described by the integral curves of a vector field Tl such that 

ir^r^L^O, ir^dt^l, and S'(ri)=0, 

the last two conditions being the so-called SODE conditions. Alternatively, a SODE 
vector field T can be identified with a section 7: J^ir — > J^tt. An integral curve 
of r is a local section a: ^ E of tt such that j^<j = 70 j^a. 

When the Lagrangian is singular JH|i the dynamical vector field Tl only exists 
on the primary constraint manifold S}^ . Tangency requirements on such vector may 
lead to new constraints and, consequently, to new constraint submanifolds, until 
is eventually tangent to the so-called final constraint manifold 5^. In such a 
way, solutions to the dynamics only exist at points of S(^. 

2. Jet fields and vector fields along maps 

The necessity of considering a more general concept than that of vector field, but 
vector fields along a map, in order to deal in a proper way with the symmetry of 
the dynamics was proved in Similarly, the usual concept of Noether symmetry, 
an infinitesimal point transformation leaving the action invariant up to possible 
border terms, can also be extended in this more precise geometric language in 
terms of the Lagrangian density function L, and not only jet prolongations of 
projectable vector fields will be considered, but the starting object will also be a 
vector field along the projection tti^: J^tt E. We first establish the concept 
of prolongation of such an object and introduce vector fields along the natural 
projections Tik+i,k'- J^^^i^ J^t^ built from X e X(7ri,o). What follows is a 
summary of what can be found, written in a slightly different way, in ^ and |17j . 

Definition 2. If X is a t: -projectable vector field along nifi, we can define, for any 
integer number k, X'*^' G XiiTk+Lk) o,s follows: 



Jt </> ds 



J i^'At) (^fe,o ° o J V o , / e e^iJ'^iT) , (3) 

where '^s "is the flow of any auxiliary vector field X G X(J^7r) such that tti^q* oX ^ 
X and ifs is the flow induced by X in the base manifold M . 

One can easily check that the vector field X'*'^ G X{7rk+i^k) along TTk+i,k is well 
defined and Tnk.k-i ° X^'''> — X^''~^'> o -Kk+i^k- Then, as done in [T^, we consider 
the 7ri:+i,A;-derivations ixm and dx(k) such that dx(k> = ixw o d + do ixm . 

There is also a canonical jet field ii*^'') : J^^^tt J^^k along n^+Lk defined by 

h('=Ujrv)-jM/'^). (4) 

and the associated derivation dhCfc) : 0*(j'^7r) il* {j'^'^^ tt) along nk+i.k given by 
dhC:) = ^hC") ° d — d o jjj(fc) , corresponds to the classical operation of total time 
differential of a differential form. For instance, acting on a function / G C°°(j''7r), 



c'h(fe) (/) = dj,(k) (/) dt = 



5/ ^ „ df 



dt. (5) 
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Other properties involving these derivations can be found in T and '17'. 

For fc = 1, with the help of the map h'^^ a SODE section 7 defines a holonomic 
jet field y : J^tt J^tti by composition y ~ h'^^ 07. Jet fields obtained in this way 
are called holonomic jet fields. In particular, the solutions to the Euler-Lagrange 
equations are the integral curves of the holonomic jet fields ■ J^i^ J^tti such 
that its horizontal projector hy^^ satisfies ihy^^L = 0. 

3. NOETHER SYMMETRIES 

Once the main geometrical ingredients have been introduced, we can express the 
infinitesimal variation of the Lagrangian density function L with respect a vector 
field X G X(7ri_o) in terms of the Poincare-Cartan 1-form Ql and the 2-form of 
Euler-Lagrange 5L = c?h(i)0L + i^L € Jl^(J^7r) (which locally takes the form 
SL = SLadq" Adt, where the SL^ = -§^—dTW (^^) give rise to the Euler-Lagrange 
equations), as indicated in the following proposition: 

Proposition 3. Given a -k -projectahle X G X(7ri,o), then 

dx(i)L = ix„,o7r2,i'5-^^ + dh(i) {ix&D , (6) 

where X^y = (X" — d/dq°' is the evolutionary vector field of X — F-^ + 

X"-^^ (see for an intrinsic definition) and 6V^ G Vl^ (""2,0) and G ('''1,0) 
are the forms along 112.0 o,nd tti^q associated with the semibasic forms SL and 
respectively (see \7\). 

The concept of Noether symmetry can be introduced as follows: 

Definition 4 ([Zj)- We say that a n-projectable X G X(7ri_o) is a Noether symmetry 
if there exists a function F G C°°( J^tt) such that 

d^djL = 4(1)^: (7) 
or in an equivalent way, if there is a function G G C°°(J^7r), such that 

*Xe„OTr2,i^-^^ — dY^(i)G. (8) 

Observe that if X G X(7ri^o) is a Noether symmetry, then G — F — ix&L 
is a conserved quantity. This is the content of the first Noether's theorem. As a 
consequence of the proposition, we can restrict the study of symmetries X G X(7ri_o) 
to those that are tt- vertical, since we are only interested in the evolutionary part of 
X, which is 7r-vertical. We will indicate this fact by X G X^(7ri^o)- 

It is worth noticing that if X G X^ (""ijo) is an exact Noether symmetry, i.e. 
*^e„oT2 1^-^^ — di^(i)G, then G is Ji-projectable; in other words, G = (Gh) for 
some Gh e 6°° (J^Tr*) (see [HI). 

When the Lagrangian is singular, we slightly modify this definition in order to 
take into account the relevant role played by the submanifold Sf^. Two forms uj 
and r] are said to be weakly equivalent, and we will write lu fa rj, when their 

si 

pull-backs coincide on the final constraint manifold. In the same way, they are 
said to be strongly equivalent if both the forms and their differentials are weakly 
equivalent. In this case, we will write u) = rj. So, given a tt- vertical X G X(7ri 0), it 

si 

is said to be either (1) an exact Noether symmetry if ixSL^ = dh(i)G, (2) a weak 
Noether symmetry if ix^L^ w dh(i)G, or (3) a strong Noether symmetry when 

si 

ixSL^ = dy,(i)G. These distinctions will be useful later. 

si 
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4. Hamiltonian formalism 

In contrast with the autonomous case, in time-dependent Hamiltonian Mechanics 
the Hamiltonian is not a function but a section hoi a certain bundle. Given a bundle 
tt: E ^ W we consider the aiJine-dual bundle AfF(J^7r,M), which is canonically 
isomorphic to T*E, and also the vector bundle p: J^tt* = Vcr(7r)* E dual to 
the vertical bundle. We have an affine bundle fibration /i: T*E J^tt* and a 
Hamiltonian is a section h of the projection /i. The associated vector bundle is 
pJ(T*M) J^TT*, where pi is the projection pi: J^tt* R. Since we have a 
canonical 1-form dt on M, the bundle p*(r*E) is canonically isomorphic to J^tt* x 
M — * J^TT*, the isomorphism being {P,adt) i— > {(3, a). Therefore, a section of the 
associated vector bundle will be considered as a function on J^ir*. 

Given a Hamiltonian section h G Sec(/x), the puUback by h of the canonical 
symplectic form ft on T*E defines a 2- form ilh = h*n on J^tt*. The associated 
Hamiltonian vector fields are the solutions Th to the equations 

ir^ri/i = and zr^di = 1, (9) 

and the solution to the Hamilton equations are the integral curves of such vector 
fields. 

The relation with the Lagrangian formalism is as follows (see [H] for details). 
From the Lagrangian L we can define two maps, usually called the Legendre trans- 
formation 3^l: J^tt — > J^TT* and the extended Legendre transformations J'l- J^tt ^ 
T*E, related by ^loj^ — 3^l- In local coordinates (t, q°',u,pa) in T*E and (t, q^jPa) 
in J^TT* adapted to the fibration fi we have that 

9L{t,q'',v'^)^(^t,q'^,-EL,-^^ and J^{t, q'^ ,v'^) = (^t, q'^ , 

In this expression E^ is the energy function El — w"^^ — L defined by L. 

When the Lagrangian is hyper-regular we have that is invertible and a unique 
section ft, of /i is determined by the equation 3^^ — ho 3^^. In the singular case, 
any section h satisfying the above relation will be called a Hamiltonian for L, and 
therefore, if it exists, h needs only to be defined on the primary constraint manifold 

Throughout this paper we will assume that the Lagrangian L is such that a 
Hamiltonian section h exists. Two Hamiltonian sections h and h' differ by a section 
of the associated vector bundle p\{T*M.), which can be identified with a function (f) 
on J^TT*. From J'l — h o J'l and = h' o with h' = h + (j), we get o = 0. 
In other words, the difference (f) between two Hamiltonian sections is a primary 
constraint. Thus if {cfia} is a complete set of functionally independent primary 
constraints then we can write a general Hamiltonian section for L in the form 

h^h^ + X'cPi (10) 

where he is a particular one. As in the Lagrangian case, tangency requirements will 
lead to new constraints until we eventually find a solution F^ tangent to the final 
constraint manifold S"^. 

In the Hamiltonian formalism for autonomous mechanics, there are the concepts 
of first and second class functions (see for example jH). In order to extend these 
concepts to the time-dependent case, we will introduce a Poisson bracket in J^n*. 
As we will see later, symmetries which are Hamiltonian vector fields of some func- 
tions will be well linked to symmetries in the Lagrangian formalism. 

Let il be the canonical symplectic form on T*E and denote by { , }t*e the 
associated Poisson bracket. Given two functions f,g€ C°°{J^tt*), it is easy to see 
that {/i*/, ^J-*g}T* B is a //-projectable function, so that following ^^Ij we can define 
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a unique Poisson structure { , jji^r* on J^tt* such that is a Poisson map. In 
other words, the Poisson bracket on J^tt* is defined by 

A'*{/,5}ji7r* = {m*/,M*5}t*£;- (11) 
In this way, we can associate to every function g e C°°(J^7r*) its Hamiltonian vector 
field 

V={ \ ^ ^9 d dg d 
' ^ dp^dq'- dq'-dpo,' 

Given a section h G Sec(/i), for every a S T*E, we have that the hnear forms 
a and h{ii{a)) both project to fi{a) so that they differ in an element of the vector 
bundle a — h{fj,{a)) = h*{a) dt. In this way, we have associated an affine function 
h* € Q^{T*E) to the section h e Sec(/i). Moreover, the canonical Poisson bracket 
of two functions of this type is projectable to a function on J^tt*. The Hamiltonian 
vector field X^* — { ,h*}T'E G X{T*E) associated to h* is /i-projectable and 
projects to the vector field Xh G X(J^7r*), determined by 

^^*{LxJ) = {^^*f.h*}T'E■ (12) 

It is easy to see that \i h' ^ h + g then h'* — h* + ii*g and thus Xh' — Xh + Yg. 
Also notice that ix^^h = on the primary constraint manifold, but in general Xh 
is not tangent to such manifold. 

In local coordinates, the section h is of the form ,pi) = (t, a;*, —H{t, x,p),pi), 

the function h* is h*(t, x,u,p) = u + H{t, x, p) and the Hamiltonian vector field Xh 

X + 

dt dpa dq°' dpa' ^ ' 

Therefore, the dynamic evolution of a function may be expressed in terms of a Pois- 
son bracket, in the same way as in time-independent mechanics. In local coordinates 

dt dq°^ dpc, dpc, ■ ' ' 

which is of the classical form / = + {/, H}jit^, . Notice however that the vector 
field ^ and the function H are only locally defined on J^tt*. 

Remark 5. The above properties can also be alternatively understood as follows. 
We have a Lie algebroid structure over the affine bundle /ii : J^^i — > J^tt*. (See [501 
[T^ for the details.) The anchor is the affine map p: J^^ TJ^n* defined by 
p{j^h) = Xh{(3), for every section h oi p and every [3 e J^tt* and the associated 
linear map p: T*J^tt* TJ^tt* is determined by p{dg) — Yg, that is by the Poisson 
tensor on J^tt* . The action of a section j^h of J^p on a section of the associated 
vector bundle is by Lie derivative with respect to the vector field Xh- o 

Definition 6. A function g e C°°(J^7r*) is said to be first class function if, for 
every (final) constraint function (j), we have {5,0}ji7r* ~ Q. A section rj S Sec(/i) 

is said to be a first class section if fix, 4> ~ for every (final) constraint function 

(/). A section of p or a function of J^ir* which is not of first class is said to be 
second class. 

Therefore, we can take a complete set of independent primary constraints {(/>/} 
and partition it {(/)/} = {4'a,4'a} into first class constraints {(t)a} and second class 
constraints {4>a}- When we apply the constraint algorithm, demanding that all the 
constraints have to be preserved by Th , we can determine in Eq. H10|) the multipliers 
A" which correspond to second class constraints. On the contrary, those multipliers 
A° corresponding to primary first class constraints will remain indeterminate, being 
a sign of the non-uniqueness of the solution to the dynamics. 
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Once we have fixed the multipUers A" corresponding to second class primary 
constraints and we have got a Hamiltonian section ho — he + y<j)a, we can only 
add first class primary constraints. Therefore any Hamiltonian for L is of the form 
h = ho + X^cjia where {cf)a} is a complete set of fmictionally independent first class 
primary constraints. 

Definition 7. Given a section h e Sec(/i) such that Xh is tangent to the primary 
constraint manifold Sjj, a function g £ C°°(J^7r*) is said to generate a Hamiltonian 
(Noether) symmetry if {fi*g,h*}T'E ~, where — fi^^{Sfj). 

The reason why we introduce the concept of a Hamiltonian symmetry by means 
of the vanishing of {fJ.*g, /i*}t* e on S]j will be clear in the following sections. The 
idea is that this kind of symmetries are in correspondence with Noether symmetries 
in the Lagrangian framework. 

5. The time evolution operator 

In addition to the Legendre transformation, there is a second geometric object, 
the time evolution operator, that connects the Lagrangian and Hamiltonian for- 
malisms. 

Theorem 8 ([SI)- Given a Lagrangian L G C°°(J^7r), there exists a unique vector 
field K along 3^l, called the extended time evolution operator, such that 

(1) Ttte ° K = ii, where ii : J^tt —^ TE is the map ii{jla) — a{t), and 

(2) ij^D, — 0, where Q is the canonical symplectic form on T* E. 

In local coordinates. 

By composition with the differential of the projection ^ we get a vector field 
K = TjjL o K along 5"^, the (restricted) time evolution operator, whose coordinate 
expression is 

Remark 9. [Alternative construction of K] Let L G C°°(J^7r) be a Lagrangian 
and consider the associated homogeneous Lagrangian L G C°° {TE) given in coordi- 
nates by L{x^ , x"^ , , w^) — L{x'^, a;*, w^/w'~'). We consider the autonomous time 
evolution operator Kj^ defined by L, that is = X° dL where x is the canonical 
isomorphism x- T*{TE) — > T{T*E). By composition with the canonical inclusion 
ii : J^TT TE we get the vector field K = along 1l- The above properties are 
easy to prove from this definition. o 

The integral curves of K are the solutions to the Euler-Lagrange equations for 
L. This is clear from the following relation between the time evolution operator 
and the total time derivative. 

Proposition 10. Let G G C°°(J^7r*) and denote by X d X^(7ri.o) the vector field 
given by X{v) = Tp{Yg{3^l{v))), for v G J^tt. Then 

dh(i)(^L*G) = <i(X • G)7r;{dt) - ixSL". (17) 

Notice that the action of X on functions / G Q°°{E) is given by 

X{f)^yL*{p*f,G}ji,, (18) 

and locally X = yi*(^)g|,. 
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When we compose in the above expression with any section 7 solution to the 
dynamics we immediately get the following consequence. 

Proposition 11. For any admissible dynamic vector field defined on the pri- 
mary constraint manifold S]^ we have 

Tl{3^l*G) K -G, (19) 

for every function G G C°°(J^7r*). 

In particular, since the puUback by of a Hamiltonian constraint is a La- 
grangian constraint we get: 

Corollary 12. If (j) is a Hamiltonian constraint then K ■ (j) is a Lagrangian con- 
straint. 

In the light of the above proposition^] and taking into account our definition of 
the different types of Noether symmetry, we will say that a function G G C°°( J^tt*) 
generates (1) an exact Noether symmetry if if -G = 0, (2) a weak Noether symmetry 
if if • G « 0, and (3) a strong Noether symmetry if if • G = 0. 

s[ si 

Finally, we state another proposition that relates the action of if on a function 
G G C°°(J^7r*) to its dynamic evolution with respect to the part of the Hamiltonian 
ho determined at the first stage, and to some other terms involving primary con- 
straints, on one hand those being first class and, on the other, those being second 
class. The steps taken in PII] in this direction, in the time-independent case, have 
served as a guideline. 

Proposition 13. Let {(f>i} — {0a, 0q} be a complete set of independent primary 
constraints with {4>a} first class and {cfia} second class (at primary level). Then, 
for every function G S C°°( J-'^tt*), 

if • G = ^L*{li*G, h*}T.E + XaM''l'jL*{G, Mji^, + iy''JL*{G, 04 ji,- , (20) 

where Ai"^ is the inverse matrix of3'L*{4'a,<l>i3}j^7T', Xa = K ■ (f>a o,re primary 
Lagrangian constraints and v"" G C°°(J^7r) are non-projectable. 

This proposition will be used later to establish the connection between gauge 
symmetries in the Hamiltonian formalism and the Lagrangian one. However, it has 
an immediate but important corollary, extending the results of |23j . 

Corollary 14. At primary level, a Hamiltonian constraint (p is a first class con- 
straint if and only if K ■ cf) is a projectable Lagrangian constraint. 

Remark 15. We can recast proposition 1131 and some steps in its proof, in the 
following way. Given a Hamiltonian section h for L and a complete set of primary 
constraints {(f>i} there exist functions ly^ such that 

K ^{XhoJL) + '^'iYi,oJL)- (21) 

If Tj e X{J^n) are the vector fields Tj = {Tp o o J'l)^ (which generate the 
kernel of TJl), then the functions satisfy ~ 5j , and hence they are non 

3^L-projectable. 

If we partition {$/} = {^aj'&a} into first class constraints {0a} and second 
class constraints {4>a}, then tangency considerations imply that the multipliers 
I/" corresponding to the second class constraint (at primary level) are determined 
by J^" = Af"'^[if • 0/3 — yL*{Xh4>f})\- Moreover, by modifying the Hamiltonian 
section h ^ h - A"$q with A" = M^^^S^l* iXh4>i3) then we have the simpler form 

= M'^P{K ■ (j)fi). o 
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6. Commutation relations 

In this section we are going to investigate the Lie brackets of the dynamical vector 
fields (in both the Lagrangian and the Hamiltonian formalisms) and the vector 
field that generates the symmetry. We will assume that we already performed the 
constraint algorithm and we have arrived to a consistent solution. 

In both, the Lagrangian and the Hamiltonian formalisms, this algorithm deter- 
mines a final constraint submanifold and the set of solutions is an afhne family of 
vector fields, that is, are sections of an afRne subbundle of the tangent bundle. It 
follows that the concept of symmetry that we have to use is that of a symmetry of 
an afBne subbundle. 

In all generality, we consider a manifold N and an affine subbundle A C TN 
modeled on the vector bundle V C TN . By an infinitesimal symmetry of A we mean 
a vector field Y £ X{N) such that [Y, F] e Sec(V) for every section F e Sec(yi). If 
we fix a section Fq G Sec(yi) and a basis {F^} of sections of the underlying vector 
subbundle V, then a section of A can be written in the form F = Fq + a^F^. A 
vector field X is a symmetry of A if and only if for every set of functions there 
exist functions /^'^ such that [X,To + a'^F^] = /J'^F^. 

In the cases we are interested in, the manifold iV is a submanifold of a given 
manifold M. In such cases, instead of vector fields on N we take vector fields on 
M which are tangent to N. With this in mind, by an infinitesimal symmetry of 
A C TN C TM we mean a vector field X e X{M) tangent to N and such that 
[Y, F] 1^ G Sec(V) for every vector field F e X(M) such that FIat e Sec(yi). 

More concretely, in the cases we have in mind, the manifold N is the final 
constraint manifold and the subbundle A is the set of all vectors tangent to curves 
solution to the dynamics on such final constraint manifold. In the Lagrangian 
formalism, the vector fields solution to the dynamics on the final constraint manifold 
are of the form F = Fq + a'^F^, where Fq is a given SODE and F^ are vertical 
vector fields on J^tt. A dynamical symmetry is a vector field X G X{J^7t) tangent 
to the final constraint manifold Sj^ such that [X,T] « /?^F^ for some functions 

si 

G C°°(J^7r). On the Hamiltonian counterpart, the vector fields solution to the 
dynamics are of the form F = X^a + a^X^j,^, where ho is a given solution and {0^} 
is a complete set of primary first class constraints (at the final level). A symmetry 
of the dynamics is a vector field X G X{J^tt*) such that [A", F] « [3^^X^ for some 

functions G e°°(Ji7r*). 

From now on, by a first class (respectively, second class) function we mean a 
function which is first class (respectively, second class) with respect to the final set 
of constraints, i.e. with respect to the final constraint manifold manifold. Also, 
in what follows in this paper we will denote by C T*E the submanifold S'^ = 

We consider first the Lagrangian formalism. Since the symmetry X G X(7ri_o) 
is a vector field along tti q and any solution F^ G X(J^7r), is a vector field on J^n, 
we need to prolong A to a vector field defined on J^tt, as well. As we previously 
said, a SODE can be identified with a section 7: J^tt J^tt of tt2,i- If L is singular, 
we may have several sections 7 solution to the dynamical equation defined on the 
primary constraint submanifold S}^. 

Given a vector field U G X{p) along the projection p, we consider the vector field 
A = [/ o G X(7ri.o) along the projection tti^. For any SODE section 7 we may 
consider the vector field A^^^ o 7 G X(J^7r). In particular, for solutions 7 of the 
dynamics, from proposition II II we have: 
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Proposition 16. The vector field X^^^ 07 does not depend on the particular choice 
of the section 7 solution to the Lagrangian dynamical equations on S]^ . In coordi- 
nates, if U = U^lt, q" ,pa)-^ then 

xWo7 = J,*(L/")A + (i,.t/")_^. 

In particular, given a function G G C°°(J^7r*) generating a (exact, strong or 
weak) Noether symmetry , we consider Uq = TpoYc, where Yq is the Hamihonian 
vector field defined by G, and we apply the above procedure, arriving to a vector 
field Zq ~ [Tp o Yg o 3^lY^^ o 7. In local coordinates, we find 

Zg ^^L*{{q'',G},n^,)^ + {K ■ {q'^,G}J^^.)^. (22) 

In |15j the construction of this vector field was carried out in a different but equiv- 
alent way. Now, we can establish 

Theorem 17. Consider the following different conditions for a function G on J^tt* : 
(i) K -G = 0, in) K -G f=i 0, iiii) K ■G = 0. 

Then, 

(1) The vector field X G X^(7ri_o) *s a Noether symmetry with conserved quan- 
tity Gl if and only if the function G such that 3^l*G = Gl satisfies condi- 
tion (ii). 

(2) Condition (ii) holds if and only if G generates a Hamiltonian (Noether) 
symmetry. 

(3) // condition (iii) holds then 3^l,,{Zg) ~ Yq. 

(4) If condition {ii) holds then 3^l*{Zg) ~ Yg- 

(5) // G is first class and condition (i) holds then Zg is a dynamic symmetry, 
i.e. [Z(3,r] w for every final solution T. 

Si 

Sketch of the proof. 

(1) (<;=) The primary Lagrangian constraints may be written as Xidt — iz^^SL, so 
that there exist r/ e e°°(J^7r) such that K ■ G = r'xi- It follows from Eq. 
that X = Zg~ r^Z^, G X^(7ri,o) is a Noether symmetry. 

=>) From equations l(HJl and (|17|l we deduce that if X G X^(7ri,o) is a Noether 
symmetry then iT2^i{K-G)dt = i(^ZG-x)SL^ ■ Since the left hand side of this relation 
does not depend on accelerations i^x-Zo)^-^'^ ^ primary Lagrangian constraint. 

(2) ■<=) See the characterization given by the second item of the theorem below. 
The result follows by taking into account Eq. H2U|) and that the puUback by of 
a secondary Hamiltonian constraint is a primary Lagrangian constraint. 

=>) Consider a complete set of independent primary first class constraint {4>a} and 
the corresponding vector fields Ta G ker(T?'i). Writing condition (ii) in the form 
K ■ G = r^xi and applying Ta to it we obtain 3^l*{G, (j)a}j^TT' = (ra'"^)x/j where 
we have taken into account Eq. Since the left hand side is Ji-projectable 

so does the right hand side. But xi are primary Lagrangian constraints, so that 
only 9^i-projectable primary constraints can appear. In other words, only the 
pull-back by J'l of secondary Hamiltonian constraints can appear (see 55)' ^^'^ 
thus {G,(l)a}.n7T' ~ 0. The result follows by taking into account Eq. (|2()|l . i.e. 

Jl {lJ-*G,hQ}T*E ~ 0, which implies {/i*G, /iqIt'B ~ 0, and item (2) of theo- 
rem in 
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(4) We just have to show that TJl ° Zq and Yq o 3"^ agree on 5^ when acting on 
the variables p^. For every v ^ G J^tt, 



(3) The proof is similar to that of (4) and will be omitted. 

(5) The proof is based on the relation Zg{K ■ F) ^ K ■ ({F, G}) + Zf{K ■ G), for 
G,F G e°°(ji7r*). If i^-G = Q,Zg{.K-F) « • (Fg-F), and if G is first class, Zg 

Sr 

is tangent to 5^. If is a complete set of Hamiltonian constraints then {K -ipj} 
is a complete set of Lagrangian constraints. Then 

Zg {K ■ tPi) K ■ {Yg (^/)) « K ■ (Ham. constraints) « 0. (23) 

si si si 

On the other hand, if F G C°°(J^7r*), using proposition II II 
ZGirLi3'L*F)) « Zg{K ■ F) « K ■ (YgF) 



rL{3^L*{YGF)) « rL(ZG(JL*F)), 



(24) 



so the Lie bracket [Zq^Tl] is zero acting on J'i-projectable functions on the final 
constraint manifold. Thus [ZgiT^] is tangent to 5*^ and it is in ker(r3^i), which 
concludes the proof. □ 

Sometimes it is useful to treat separately that part of the Hamiltonian section h 
that is determined ho and the primary first class term. 

Theorem 18. Let G G C°°(J^7r*) be a first class function and let pfcc means a 
primary constraint that is first class with respect to S^, and pfcc^ another one that 
is first class with respect to Sj^ . Then, 

(1) if for every Hamiltonian section h we have that {ii*G,h*}T'E = pfcc or, 

■'if 

equivalently, {fi*G,hQ}T''E = pfcc and {/i*G, pfccj^'B = pfcc, with ho 

Sh S[j 

such that Xfio is tangent to Sjj, then Yg is a dynamical symmetry. 

(2) {/i*G, /iqIt'S ~ and {/^*G, pfcc^l^'B ~ 0, with Hq such that Xhg is 

Sh Sfi 

tangent to Sj^ if and only if G generates a Hamiltonian (Noether) symme- 
try. 

Proof. 

(1) Since the difference between any section h defined on S^j and Hq (with all 
the multipliers associated to primary second class constraints being determined) 
is a primary first class constraint (with respect to S^), the two conditions in the 
statement are equivalent to {n*G, h*}T* e = pfcc. On the other hand iry^ r^lf^ = 

d({/i*G, ft.*}T*£;) ~ d (pfcc) and is symplectic, from where we deduce that 

[yG,r;i] K, (3°-Y^ , where {0a} is a set of primary first class constraints. In other 

sL 

words, Yg is a dynamic symmetry. Finally, using Eq. (|2()|l . we get K ■ G = 0. 

si 

(2) On the primary constraint manifold the difference between h and ho (with all 
the multipliers associated to primary second class constraints with respect to Sjj 
determined) is a primary first class constraint (with respect to Sj^). Thus, G 
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generates a Hamiltonian (Noether) symmetry, {^*G,h*}T*E ~ 0, if and only if 
{n*G,h*}T'-E « and {h*G,p{cc^}t'E « 0. □ 

3% S% 



7. Gauge symmetries 

7.1. Lagrangian case. In this section we will analise the existence of gauge sym- 
metries, that is, of Noether symmetries X g X^(7ri^o) depending on an arbitrary 
function s{t) and its derivatives up to some order N, i.e. X = J2k=o ^^^^^k, where 
Xk are vertical vector fields along tti^q and we have written e*^*^^ for the fc-th de- 
rivative of the arbitrary function e{t). The associated conserved quantity Gl also 
depends on e and its derivatives Gl = E^=o with e e°°(Ji7r). 

Let us suppose first that X is an exact Noether symmetry. Following from 
ixSL'^ ~ djj(i)G and taking into account that e is arbitrary, we deduce that 

4(1) 712*1 {Gti)dt-ixJL'' = (25) 

for k = 1,...,N. Carifiena et al. |^ use the above relations relations H25|l to 
draw an algorithm for determining such symmetries. The idea is as follows. From 
G^ — and the second equation for k = N, we get that — 7r2jG|;r_i is 

the puUback of a function in J^ir. Thus, we must choose Xn such that its vertical 
lift is in the kernel of T3^l (and hence in the tti^q- vertical part of the kerfi^) in 
order to annihilate the terms of ixj^SL"^ which depends on the accelerations, and 
it follows that Gx_i is a primary first class constraint. In this way we recover the 
well known fact that only singular Lagrangians may have gauge symmetries. The 
algorithm proceeds by choosing at every step a vector field Xk G X^(7ri_o) such 
that (ii^(i)G^ — ix^SL is a 7r2,i-projectable function, that we take as Gj^_^, and it 
finishes when we can choose Xq such that the difference d^(i)G^ — ixo^L vanishes, 
that is Xq is a Noether symmetry of L. 

But it may happen that, at some stage, there is no vector field Xk such that the 
difference c?i^(i)G^ — ix^SL^ is a 7r2,i-projectable function. Then the algorithm fails 
to determine X and we must restart it with a different choice of the initial vector 
field Xx until we finish off all the primary constraints (in a preselected complete 
set of independent constraints). Thus, this algorithm has a clear problem: we do 
not know when it might finish successfully and, we do not know a priori which 
Lagrangian primary constraints serve as input for our algorithm. 

We can reinterpret Eq. H25(l from the dynamic point of view. It reproduces 
the process of stabilization of a primary J'i-projectable constraint, G^_i. To 
see this more clearly, we remark that the conserved quantity Gl for a Noether 
symmetry is always J'L-projectablc, Gl = 3^2 (G). If we compose the expression 
dh(i)G^ +'"'21 (^fc-i) dt — ixk^L^ = with any admissible dynamic section 7 : 
S\ C J^TT J^TT, it is reexpressed as F^ (J|^ (Gfe)) = J}^ (Gfc-i) , so we take as 
G^_i the dynamic evolution of the previous constraint G^. If at some stage, G^_i 
becomes non S^^-projectable, the algorithm stops. If we assume that constraints 
obtained from the dynamic evolution of previous ones serve us to characterize the 
next constraint manifold in the constraint algorithm, that is to say, if no ineffective 
constraints appear, a constraint that never turns into non 3^L-projectable is related 
to the indeterminacy of the dynamics. If F^ = Fq + a^F^ is the dynamic vector 
field (as we denoted throughout this paper), since F^ g kerTJi, if Xvo = {4'v) 
is a projectable constraint, imposing its dynamic evolution to be zero leads to 
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= Tl iXi^o) = To (Xi/o) , that tells us nothing about {a'^}. In conclusion, if there 
exists a gauge symmetry, there is a primary J'i-projectable constraint that never 
turns into a non J'i-projectable and at least one of the {a^} can not be fixed 
(remember we have as many {a'^} as primary Lagrangian constraints) and is not 
completely determined on S(^. For more information about the role of projectable 
and non-projectable constraints see ^21 and |18j . 

Moreover, if we chain the consecutive steps of the Lagrangian algorithm l|25(l and 
express in terms of the previous ones, at the end we can write 

J2{-l)'-^iX^SL^)^0, (26) 

fc=0 

which is know as a Noether identity. 

7.2. Hamiltonian case. Since the conserved quantity Gl for a Noether symmetry 
is always J'i-projectable, we can look for the consequences in the Hamiltonian 
formalism of having a gauge symmetry. Regarding Theorem (|17|l item (1) and (2) , 
and the second item of Theorem (|18l) , considering a Hamiltonian symmetry of the 
type G = J2k=o ^^'^^Gk G C°°(J^7r*), where e^'^^ depends only on time, implies 

H*Gn ~ 



fi*Gk-i + {ti*Gk,h*}T,E «0 



Si 



(27) 



{^*Go, /ijly.^; ~ 0, 



Si 



{M*Gfc,pfcci}y.^ « 0, (23) 

Sh 

for k = I, . . . , N. These relations suggest us a way to find the gauge Hamiltonian 
(Noether) symmetries of the Hamiltonian system by means of the following algo- 
rithm. As input, we choose for Gn a constraint (with respect to 5*1^). Then, we 
calculate its dynamic evolution {/i*GAr, /iJIt'B which we take as Gjv-i once all 
the terms involving constraints (at secondary level) have been removed, and so on. 
Thus, until at some stage Gk is nothing but a function vanishing on Sj^. If at some 
stage Gk Eq. is not satisfied, the algorithm can not go on and we have to try 
with a different Gn- 

Proposition 19. The operator K transforms Eqs. \2'1^ and 1^2 into Eq. 1^25}} . 

A different starting point to study gauge symmetries in the Hamiltonian for- 
malism is adopted by Gomis et. al. in \1'6\ (in the context of time-independent 
mechanics). They look for a dynamic gauge symmetries and, therefore, for a 
G = Y.k=o ^'•''^Gk e e°°( J^TT*) satisfying the first item of Theorem (HHJ. This leads 
them to equations equivalent to Eqs. (|27|l and H28|l where the weak equalities ~ 

must be replaced by = pfcc. Essentially, under some regularity assumptions, i.e., 

s^ 

that the rank of the Legendre map and the matrix of Poisson brackets of constraints 
is constant, and that no ineffective constraints appear, they show that is possible to 
build dynamic gauge symmetries, where the functions Gk are first class constraints 
plus a quadratic term in the rest of constraints. One can attempt to rewrite their 
reasonings just replacing the usual Poisson bracket of time-independent mechan- 
ics by { , }rp,E, and everything they hold carries on being valid. Nevertheless, we 
emphasize that the symmetries hence obtained are dynamic and not Noether. Ac- 
tually, one can easily verify that their symmetries satisfy K G = 0, so they are 

s{ 
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not, in principle, Noether (item (2) Theorem 117(1 '). Thus, as far as we know, the 
problem of the existence of gauge Noether symmetries is still unsolved. 

8. Conclusions 

We have reviewed the concept of Noether symmetry and we have clarified the 
relationship between Hamiltonian constraints and Lagrangian constraints in time- 
dependent mechanics, extending the results given in [23 for the autonomous case. 
In particular, by making use of the properties of the time evolution operator K , we 
have shown that Hamiltonian first class constraints with respect to S\j are trans- 
formed into 5'L-projectable Lagrangian constraints, and second class constraints 
into non-projectable ones. 

We also studied Noether symmetries that come from a function defined on the 
dual afhne bundle, imposing conditions on them to guarantee, in some sense, in 
which cases the symmetry commutes with the dynamic vector field. Essentially, it 
was done in |16| , but here we use, in the Lagrangian case, the geometric content of 
vector fields along Tr^+i^fc and, in the Hamiltonian case, the new tools of Hamiltonian 
dynamics in the cotangent bundle T*E. 

Finally, we have studied Noether symmetries depending on arbitrary functions of 
the time and its derivatives. We saw that this kind of symmetries, in the Lagrangian 
case, are due to the fact that there are primary 9^i-projectable constraints that, 
when imposing they have to be preserved by the dynamic vector field, never turn 
into non projectable ones, being in this way a sign of the indeterminacy of T^. 
In addition, in the Hamiltonian case, we saw we can generate Noether symmetries 
by means of constraints whose dynamic evolution is always first class with respect 
to primary first class at first level when regarded on S'jj. And that, under some 
regularity conditions, we pointed out a way to build dynamical symmetries that 
also depends on a arbitrary function and its derivatives, following ^S]- Anyway, the 
existence of (Noether) gauge symmetries from a singular Lagrangian is a problem 
that it is not completely solved yet. 

Acknowledgments 

J. A. Lazaro-Camf acknowledges financial support from MEC (Spain) grant BES- 
2004-4914. Partial financial support from MEC grant BFM2003-02532 and Gob- 
ierno de Aragon grant dga-GRUPOS CONSOLIDADOS 225-206 is acknowledged. 

References 

[1] I. M. Anderson, The Variational Bicomplex, Academic Press, Boston, 1994. 

[2] C. BatUe, J. Gomis, J. M. Pons and N. Roman-Roy, Equivalence between the Lagrangian and 

Hamiltonian formalism for constrained systems. J. Math. Phys. 27 (1986) 2953-2962. 
[3] J. F. Carinena, C. Lopez and E. Martinez, A new approach to the converse of Noether's 

theorem, J. Phys. A: Math. Gen. 22 (1989) 4777-87. 
[4] J. F. Carinena, Theory of Singular Lagrangians, Forts, der Phys. 38 (1990) 641-679. 
[5] J. F. Carinena, M. Crampin and L.A. Ibort, On the multisymplectic formalism for first order 

field theories. Differential Geometry and its Applications 1 (1991) 345—374. 
[6] J. F. Carifiena, J. Fernandez-Niiiiez and E. Martinez, A geometric approach to second 

Noethers's theorem in time- dependent Lagrangian mechanics, Lett. Math. Phys. 23 (1991) 

51-63. 

[7] J. F. Carifiena, J. Fernandez-Niiiioz and E. Martinez, Noether's theorem in time- dependent 
Lagrangian mechanics, Rep. Math. Phys. 31 (1992) 189—203. 

[8] J. F. Carifiena, J. Fernandez-Niifiez and E. Martinez, Time- dependent K -operator for singu- 
lar Lagrangians, 1992 (preprint). 

[9] J. F. Carifiena and J. Fernandez-Nuiiez, Geometric theory of time- dependent singular La- 
grangians, Forts, der Phys. 41 (1993) 517-52. 
[10] A. Echeverria, M. C. Mufioz and N. Roman-Roy, Geometry of Lagrangian first order classical 
field theories, Forts, der Phys. 44 (1996) 235-80. 



14 JOSE F. CARINENA, JOAN-ANDREU LAzARO-CAMf, AND EDUARDO MARTfNEZ 

[11] J. A. Gcircfa and J. M. Pons, Rigid and gauge Noether symmetries for constrained systems, 
Int. J. Mod. Phys. A 15 (2000) 4681-4721 

[12] G. Giachetta, L. Mangiarotti and G. Sardanashvily, Constraints in Hamiltonian time- 
dependent mechanics, J. Math. Phys. 41 (2000) 2858-2876. 

[13] J. Gomis, M. Hcnncaux and J. M. Pons, Existence theorem for gauge symmetries in Hamil- 
tonian constrained systems, Class. Quantum Grav. 7 (1990) 1089-1096. 

[14] K. Grabowska, J. Grabowski and P. Urbanski, Lie brackets on ajjine bundles, Ann. Global 
Anal. Geom. 24 (2003) 101-130. 

[15] X. Gracia and J. M. Pons, Singular Lagrangians: some new geometric structures along the 
Legendre map J. Phys. A: Math. Gen. 34 (2001) 3047-3070. 

[16] X. Gracia and J. M. Pons, Canonical Noether symmetries and commutativity properties for 
gauge systems, J. Math. Phys. 41 (2000) 7333-7351. 

[17] J. A. Lazaro Camf, Jet fields and vector fields along maps, 2005. (preprint). 

[18] M. de Leon, J. C. Marrcro, J. Marfn, M. C. Muiioz, N. Roman, Singular Lagrangians systems 
on Jet bundles. Forts, dcr Phys. 50 (2002) 105-169. 

[19] E. Martinez, Geometrta de ecuaciones diferenciales aplicadas a la mecdnica, Ph. D thesis, 
Universidad de Zaragoza, 1991. 

[20] E. Martinez, T. Mcstdag and W. Sarlet, Lie algebroid structures and Lagrangian systems on 
affine bundles, J. Geom. Phys. 44 (2002), no. 1, 70-95. 

[21] M. Muiioz and N. Roman, Multisymplectic Hamiltonian systems in classical field theory, 
2005 (preprint). 

[22] E. Noether, Invariante Variationsprobleme, Nachr. d. Konig. Gesellsch. d. Wiss. zu 

Gottingcn, Math-phys. Klassc (1918) 235-257. 
[23] J. M. Pons, New relations between Hamiltonian and Lagrangian constraints, J. Phys. A: 

Math. Gen. 21 (1988) 2705-2715. 
[24] D. J. Saunders, The Geometry of Jet Bundles. Cambridge Univ. Press, Cambridge, 1989. 

Jose F. Carinena: Departamento de Fi'sica Teorica, Universidad de Zaragoza, Pedro 
Cerbuna 12, 50009 Zaragoza, Spain 
E-mail address: jfc@unizar.es 

Joan-Andreu Lazaro-Cami': Departamento de Fi'sica Teorica, Universidad de Zaragoza, 
Pedro Cerbuna 12, 50009 Zaragoza, Spain 
E-mail address: lazaro@unizar.es 

Eduardo Martinez: Departamento de Matematica Aplicada, Universidad de Zaragoza, 
Pedro Cerbuna 12, 50009 Zaragoza, Spain 
E-mail address: emf Sunizar .es 



